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1 Introduction
Inspired by closed string theory and pioneer work of Gromov [8], Gromov-
Witten theory now becomes an important technique to study symplectic
manifolds. For instance, Floer conquered the celebrated Arnold conjec-
ture using the technology of pseudo-holomorphic curves. Naively, Gromov-
Witten invariants count the number of (pseudo-)holomorphic curves in a
symplectic manifold with prescribed incident conditions. However, for hy-
perKa¨hler manifolds, the standard tangent-obstruction theory of the moduli
space of curve has a trivial quotient. Therefore, the genus zero Gromov-
Witten invariants vanishes for any hyperKa¨hler manifolds. The vanishing
of the invariants reflects the fact that hyperKa¨hler manifolds usually ad-
mit deformation with no holomorphic curves and Gromov-Witten invariants
are deformation invariants. To retrieve non-trivial invariants, people devel-
oped the reduced Gromov-Witten invariants by removing the trivial factor
[20][24][27].
In symplectic geometry, holomorphic discs are broadly used to under-
stand the geometry of Lagrangians. In the context of mirror symmetry,
holomorphic discs on a Calabi-Yau manifold play important roles of quan-
tum correction of complex structure of the mirror Calabi-Yau. However,
it is hard to defined open Gromov-Witten type invariants in general due
to the existence of real codimension one boundaries of the moduli spaces
of pseudo-holomorphic discs, which makes the integration or intersection
theory on those moduli spaces ambiguous. The typical way to overcome
this defect is to add some decoration to the relevant moduli spaces such as
anti-symplectic involution [29] or S1-action [21].
Here in this paper, we are going to define a version of reduced open
Gromov-Witten invariants on hyperKa¨hler manifolds which can be viewed
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as an hybrid. We start with a hyperKa¨hler manifold X with holomorphic
Lagrangian fibration. There exists a natural S1-family of complex structures
in the twistor line making holomorphic Lagrangian fibration become a spe-
cial Lagrangian fibration. In this setting, changing the boundary condition
is similar to changing stability conditions. The ”invariant” we defined here
will only be constant locally but might jump when the torus fibre moves
through a real codimension one subset on the base, which we will call them
the wall of marginal stability. The jump of invariants satisfy the Kontsevich-
Soibelman wall-crossing formula [17] in the examples we studied.
Despite the interest in symplectic geometry, the reduced open Gromov-
Witten invariant is also related to twistorial construction of hyperKa¨hler
metric constructed in [11] and mirror symmetry.
This paper is organized as follows. In section 2, we review the definition
of hyperKa¨hler manifolds and the hyperKa¨hler rotation trick. In section 3,
we define the reduced Gromov-Witten invariants for hyperKa¨hler manifolds.
We will focus on the example when X is an elliptic K3 surfaces and see
the wall-crossing phenomenon in section 4. As applications of this new
open Gromov-Witten invariants, we will discuss the tropical geometry on K3
surfaces in section 5. We will talk about the relation between the twistorial
construction of hyperKa¨hler metrics [11] in section 6.
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2 HyperKa¨hler Manifolds and HyperKa¨hler Ro-
tation Trick
Definition 2.1. A complex manifold X of dimension 2n is called a hy-
perKa¨hler manifold if its holonomy group falls in Sp(n).
Example 2.2. Any compact complex Ka¨hler manifold admits a holomor-
phic symplectic 2-form is hyperKa¨hler [31]. In particular, K3 surfaces are
hyperKa¨hler.
Example 2.3. There are also non-compact examples of hyperKa¨hler mani-
folds such as cotangent bundles of Ka¨hler manifolds, Hithcin moduli spaces
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and the Ooguri-Vafa space (see section 4.1).
LetX be a hyperKa¨hler manifold and g be the corresponding hyperKa¨hler
metric from the definition. Then there exists integrable complex structures
J1, J2, J3 satisfying quaternion relation.
ω(·, ·) = g(J3·, ·)
is a Ka¨hler form and
Ω(·, ·) = g(J1·, ·) + ig(J2·, ·)
is a holomorphic 2-form with respect to the complex structure J3. Moreover,
X admits a family of complex structures parametrized by P1, called twistor
line. Explicitly, they are given by
Jζ =
i(−ζ + ζ¯)J1 − (ζ + ζ¯)J2 + (1− |ζ|2)J3
1 + |ζ|2 , ζ ∈ P
1.
Moreover, the holomorphic symplectic 2-forms Ωζ with respect to the com-
patible complex structure Jζ are given by
Ωζ = − i
2ζ
Ω + ω − i
2
ζΩ¯. (1)
In particular, straightforward computation from (1) gives
Proposition 2.4. Assume ζ = eiϑ, then we have
ωϑ := ωζ = −Im(e−iϑΩ),
Ωϑ := Ωζ = ω − iRe(e−iϑΩ).
Remark 2.5. Let L be a holomorphic Lagrangian in (X,ω,Ω), namely,
Ω|L = 0. Assume that the north and south pole of the twistor line are given
by (ω,Ω) and (−ω, Ω¯) respectively, making L a holomorphic Lagrangian.
The hyperKa¨hler structures corresponding to the equator {ζ = eiϑ : |ζ| = 1}
make L a special Lagrangian in Xϑ = (X,ωϑ,Ωϑ),i.e. ωϑ|L = ImΩϑ|L = 0 by
Proposition 2.4. In particular, if (X,ω,Ω) admits a holomorphic Lagrangian
fibration, then it induces a special Lagrangian fibrations on Xϑ for each
ϑ ∈ S1. This is the so-called hyperKa¨hler rotation trick.
3
3 Reduced Open Gromov-Witten Invariants on Hy-
perKa¨hler Manifolds
For simplicity, we will assume the hyperKa¨hler manifold (X,ω,Ω) (not nec-
essarily compact) admits an abelian fibration structure X → B such that
the generic fibres are complex torus. Let ∆ ⊆ B be the discriminant locus
(also referred as singularity of the affine structures later on) of the fibration
and B0 = B\∆. We will denote the fibre over u ∈ B by Lu.
Consider the following exact sequence of local systems⋃
u∈B0
H2(X)→ Γ =
⋃
u∈B0
H2(X,Lu)→ Γg =
⋃
u∈B0
H1(Lu)→ 0, (2)
The topological pairing on Γg is a non-degenerate symplectic pairing
which lift to a degenerate skew-symmetric pairing on Γ with kernel
⋃
u∈B0 H2(X).
We define the central charge Z to be the period
Z : Γ −→ C
γu 7−→ Zγu(u) =
∫
γu
Ω,
for each γu ∈ H2(X,Lu). The integral is well-defined because Ω|L = 0.
We will call |Zγ | the energy of the relative class γ. The following lemma is
straight forward computation:
Lemma 3.1. For any v ∈ TB0, we have
dZγ(v) =
∫
∂γ
ιv˜Ω, (3)
where v˜ ∈ TX is any lifting of v.
Proof. It is straightforward to check that the right hand side of (3) is in-
dependent of choices of lifting v˜. Since Ω|L = 0, we view Ω as the element
(Ω, 0) ∈ H2(X,L). From the variational formula of relative pairing,
dZγ(v) = Lv〈γ, (Ω, 0)〉
= 〈γ, (ιv˜dΩ, ιv˜(0− Ω))〉 =
∫
∂γ
ιv˜Ω.
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Given a point u0 ∈ B0 and an element γu01 ∈ Γu0 , there exists a neigh-
borhood U of u0 in B0 and a neighborhood of U˜ of γu0 in Γ. such that U
is homeomorphic to U˜ via the projection. Under this identification, we can
define a complex structure on Γ and have the following important observa-
tion.
Corollary 3.2. The central charge Z : Γ→ C is a holomorphic function.
Proof. Since any (0, 1)-vector on TB0 can be expressed in term of v + iJv
for some v ∈ TB0, where J is the almost complex structure. We have
(v + iJv)Z =
∫
∂γ
ι(v˜+iJv˜)Ω = 0.
The latter equality holds because Ω is a (2, 0)-form and v˜ + iJv˜ is always a
(0, 1)-vector. Notice that for y near a singularity of the affine structure, γ
represents the relative class of Lefschetz thimble, then Zγ is bounded in a
neighborhood of the singularity and thus is a removable singularity.
Corollary 3.3. Let γ ∈ Γ, then dZγ 6= 0 whenever Zγ is defined.
Proof. The corollary follows immediately from Lemma 3.1 and L is always
Lagrangian with respect to the symplectic 2-form Re(e−iϑΩ).
Recall that the hyperKa¨hler triple (ω,Ω) will induce a P1-family of hy-
perKa¨hler structures. Let L be a holomorphic Lagrangian fibre with respect
to Ω, then by Remark 2.5 there is an S1-family of hyperKa¨hler structures in
the twistor family such that L is a special Lagrangian. Let Mk,γ(X, L) be
the moduli space of stable maps of pseudo-holomorphic discs in the above
S1-family in the relative class γ ∈ H2(X,L) with boundaries on the fixed spe-
cial Lagrangian L and with k boundary marked points in counter-clockwise
order. Let evi be the evaluation map of the i-th marked point. The virtual
dimension of Mk,γ(X, L) is given by n+ k − 2
Assume γu ∈ H2(X,L) can be realized as the image of a holomorphic
map in Xϑ, then
Zγ(u) = e
iϑ
∫
γ
e−iϑΩ = eiϑi
∫
γ
Im(e−iϑΩ).
The last identity is because
∫
γ Ωϑ = 0. In particular, we have ArgZγ(u) =
ϑ + pi/2. In other words, the phase of central charge ArgZγ a priori deter-
mines the obstruction for the ob which complex structure on the equator
1we might drop the subindex u0 when there is no ambiguity later on
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can support γ as a holomorphic cycle. In this case, the central charge is
nothing but
Zγ = (symplectic area) e
i(ϑ+pi/2) (4)
from the Proposition 2.4. In particular, the moduli space for familyMk,γ(X, L)
has the same underlying space as the usual moduli space of holomorphic
discs Mk,γ(Xϑ, L), where ϑ = ArgZγ − pi/2. We might drop the subindex
ϑ when the target is clear. However, the tangent-obstruction theory (or the
Kuranishi structures) on Mk,γ(X, L) and Mk,γ(Xϑ, L) are different.
Now assume that the moduli spaceMγu(X, Lu) has non-empty real codi-
mension one boundary for some γu ∈ H2(X,Lu). Namely, we have
γu = γ1,u + γ2,u ∈ H2(X,Lu)
and Mγi,u(Xϑ, Lu) are non-empty, for i = 1, 2 and ϑ ∈ S1. In particular,
we have Zγ1(u)Zγ2(u) 6= 0 from (4) and
ArgZγ(u) = ArgZγ1(u) = Argγ2(u) = ϑ+ pi/2.
The interesting implication is that we may not always have bubbling phe-
nomenon of the moduli space Mγ(X, Lu) unless the torus fibre Lu sits over
the locus characterized by
ArgZγ1 = ArgZγ2 . (5)
Assume that Zγ1 is not a multiple of Zγ2 . Since the central charges are
holomorphic functions, the equation (5) locally is pluriharmonic and defines
a real analytic pseudoconvex hypersurface. In particular, the mean value
property of pluriharmonic functions implies that locally this hypersurface
divides the base into chambers. If Zγ1 = kZγ2 , then Zγ1−kγ2 = 0. In
particular, dZγ1−kγ2 = 0 together with Lemma 3.1 implies
∂γ1 − k∂γ2 = 0 ∈ H1(L,Z) ∼= Z2
Thus, from the exact sequence (2) there exists positive integers k1 = kk2, k2,
and ∂γ′ ∈ H1(L,Z), such that we have
∂γi = ki∂γ
′ ∈ H1(L,Z)), i = 1, 2.
and
∂γ = ∂γ1 + ∂γ2 = (k1 + k2)∂γ
′.
Thus, ∂γ is not primitive. To sum up, we have proved the following theorem:
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Theorem 3.4. Assume that
1. the relative class γ 6= 0, with ∂γ 6= 02 ∈ H1(L) being primitive.
2. The fibre Lu does not sit over the (real analytic) Zariski closed subset
of B0 locally given by
W ′γ1,γ2 ={u ∈ B0| there are holomorphic discs in relative class (6)
γ1,u and γ2,u with respect to same complex structure Jϑ, for some ϑ ∈ S1}.
Notice that there are only finitely many possible decomposition γ =
γ1+γ2 such that W
′
γ1,γ2 is non-empty by Gromov compactness theorem.
Then the moduli space Mk,γ(X, Lu) has no real codimension one boundary.
Since the topology of Lu are torus, we will use the trivial spin struc-
ture for defining orientations on Mk,γ(X, Lu) 3 For each point u ∈ B0, it
represents a holomorphic Lagrangian Lu. Using the techniques in [7][5],
the virtual fundamental cycle [Mk,γ(X, Lu)]vir is defined in [22]. Using the
de Rham model introduced in [5], we have the following definition of open
Gromov-Witten invariants.
Definition 3.5. Under the same assumption of Theorem 3.4. Let φ1, · · · , φk ∈
H∗(Lu), the open Gromov-Witten invariants are defined by
〈φ1, · · · , φk〉k,u,γ =
∫
[Mk,γ(X,Lu)]vir
k∧
i=1
ev∗φi. (7)
For dimension reason, the expression (7) vanishes unless
n− 2 =
∑
(degφi − 1).
Remark 3.6. On can actually construct the Kuranishi structures and per-
turbed multi-sections on {Mk,γ(X, L)}k≥0 with certain compatibility condi-
tions similar to [22]. In particular, there exists a cyclic filtered A∞ algebra
2For the case ∂γ = 0, one also has to consider the situation when a rational curve with
a point on L appears as real codimension one boundary of the moduli space
3For general holomorphic Lagrangian L with non-trivial deformation, let B be the
moduli space of deformation (as holomorphic Lagrangians) of L in (X,Ω) which is an
analytic variety. Let B0 = B\∆, where ∆ is the discriminant locus. Since deformation of
smooth holomorphic Lagrangians is unobstructed, B0 is a smooth complex manifold. All
the argument will be still valid but one need to include the relative spin structures as the
decoration of relevant moduli spaces to define the invariants.
7
structure modulo TE0 on H∗(L × S1ϑ) with 1 as a strict unit. Moreover,
the structure is independent of the choice of Kuranishi structures and multi-
sections chosen, up to pseudo-isotopy of inhomogeneous cyclic filtered A∞
algebras.
The Definition 3.5 a priori depends on the Lagrangian boundary condi-
tion Lu. Let u0, u1 ∈ B0 and assume that there is a path p(t) : [0, 1] → B0
such that p(0) = u0 and p(1) = u1. Let γi ∈ H2(X,Lui) such that they are
parallel transport of each other via the Gauss-Manin connection of the local
system Γ along the path p(t), thus we will denote them just by γ. Simil-
iarly, We identify the cohomology H∗(Lu0) and H∗(Lu1) this way and just
denote it by H∗(L). Then the corbordism argument shows that the open
Gromov-Witten invariants (7) is locally an constant.
Theorem 3.7. Assume p(t) 6∈W ′γ for every t ∈ [0, 1], then
〈φ1, · · · , φk〉k,u0,γ = 〈φ1, · · · , φk〉k,u1,γ ,
for φ1, · · · , φk ∈ H∗(L).
When the path p(t) indeed intersects Wγ , the open Gromov-Witten in-
variants might jump. Therefore, it makes sense not to define the open
Gromov-Witten invariants on W ′γ . We will discuss an example of non-trivial
jumping of the open Gromov-Witten in the case of elliptic K3 surface in the
next section.
In the definition of the invariant 〈φ1, · · · , φk〉k,u,γ , the family X a pri-
ori depends on a choice of Ricci-flat metric. However, using the similar
cobordism argument and Theorem 3.7, we have
Corollary 3.8. Assume ω, ω′ are Ricci-flat metrics such that the corre-
sponding invariants 〈φ1, · · · , φk〉k,u,γ and 〈φ1, · · · , φk〉′k,u,γ are well-defined.
Then
〈φ1, · · · , φk〉k,u,γ = 〈φ1, · · · , φk〉′k,u,γ .
4 Ellitpic K3 Surfaces
This section we will focus on the case when the hyperKa¨hler manifold X
is an elliptic K3 surface with 24 singular I1-type singular fibres. Since all
the moduli space M0,γ(X, L) has virtual dimension zero, it is natural to
understand the virtual count of holomorphic discs with no marked points.
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Definition 4.1. Let X → B be an K3 surface with elliptic fibration. For
u ∈ B0 and γ ∈ H2(X,Lu), the open Gromov-Witten invariants of elliptic
K3 surface is defined to be
Ω˜(γ;u) :=
∫
[M0,γ(X,Lu)]vir
1. (8)
Similarly as the discussion in the previous section, the invariant Ω˜(γ;u) is
well-defined whenever u does not fall on W ′γ . Unlike the general hyperKa¨hler
case, we don’t need the primitive and generic assumption to make Ω˜(γ;u)
well-defined for dimension reason. Now we can define the wall of marginal
stability as follows:
Definition 4.2. Let γ ∈ Γ, the wall of marginal stability associated to γ is
defined by
Wγ :=
⋃
γ=γ1+γ2
{u ∈W ′γ1,γ2 |∃d1, d2 ∈ N, s.t. Ω˜(
γ1
d1
;u)Ω˜(
γ2
d2
;u) 6= 0}. (9)
Since the central charge Z is holomorphic, Wγ locally is union of smooth
real analytic curves, of real codimension one on B.
Remark 4.3. For hyperKa¨hler surfaces, only a real codimension one lo-
cus of the space of almost complex structures can bound pseudo-holomorphic
discs with Maslov index zero of a given relative class. A more general way
of defining the invariant is to construct a 1-parameter family of (almost)
complex structures which is transverse to the above real codimension one
locus. From Remark 2.5, the equator of the twistor line provides such a nat-
ural candidate of the auxiliary curve. The different choices of the auxiliary
curves might give rise to different invariants. The difference is governed by
the topological intersection of the real codimension one locus and the auxil-
iary curve, which can be viewed as the real analogue of the Noether-Lefschetz
numbers in algebraic geometry. We will focus on this viewpoint more in [23]
Using the cobordism argument, we have the following proposition.
Proposition 4.4. Assume ∂γ 6= 0 ∈ H1(Lu0) and Ω˜(γ;u0) is well-defined,
then Ω˜(γ;u) is well-defined and locally a constant around u0.
The argument is valid as long as the the path we choose does not hit
the wall of marginal stability. In other words, the wall of marginal stability
locally divide the base into chambers and Ω˜(γ) is a constant inside each
chamber locally.
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Since as topological spaces, M0,γ(X, Lu) and M0,−γ(X, Lu) are home-
omorphic. By checking the orientation, we prove that Ω˜(γ) satisfies the
”reality condition”, which is expected for gneralized Donaldson-Thomas in-
variants in the twistorial construction of hyperKa¨hler metric [11] (or see the
review in section 6):
Theorem 4.5. [22] If Ω˜(γ;u) is well-defined, then Ω˜(−γ;u) is also well-
defined. Moreover, we have the reality condition
Ω˜(γ;u) = Ω˜(−γ;u).
We expect that there is a corresponding “Gopakumar-Vafa type” in-
variants for this open Gromov-Witten invariant Ω˜(γ). Moreover, they are
related by a Mo¨bius inversion type transform.
Conjecture 4.6. There exists {Ω(γ;u) ∈ Z|γ ∈ H2(X,Lu)} such that
Ω˜(γ;u) =
∑
d>0
±d−2Ω(γ/d;u),
where the ± sign depends on the quadratic refinement [11].
4.1 Local Model: the Ooguri-Vafa Space
All the definitions and arguments in the previous sections apply to any
hyperKa¨hler surfaces (not necessarily compact) whenever the Gromov com-
pactness holds. The Ooguri-Vafa space is an elliptic fibration over a unit disc
such that the only singular fibre is a nodal curve (or an I1-type singluar fi-
bre) over the origin. The singular central fibre breaks the T 2-symmetry into
only S1-symmetry. Using Gibbons-Hawkings ansatz, Ooguri and Vafa[25]
wrote down Ricci-flat metrics with a S1 symmetry and thus the Ooguri-
Vafa space is hyperKa¨hler. From the discussion in section 5, there exists an
S1-family of integral affine structures on B0. The central fibre is of I1-type
implies that the monodromy of affine structure (see the section 6.1) around
the singularity is conjugate to
(
1 1
0 1
)
. Thus there exists an unique affine line
lϑ passing through the singularity in the monodromy invariant direction.
Following the maximal principle trick in [2][3], if we fix ϑ, the only simple
holomorphic discs are in the relative class of Lefschetz thimble γe and with
their boundaries on torus over lϑ. Topologically, this holomorphic disc is the
union of vanishing cycles over lϑ. This reflects the fact the standard moduli
space of holomorphic discs has virtual dimension minus one and thus generic
torus fibres would not bound holomorphic discs. However, when the ϑ goes
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around S1, the affine line lϑ will rotate 2pi and every point on the base will be
exactly swept once by lϑ. In other words, every torus fibre bounds a unique
simple holomorphic disc (up to orientation) in Ooguri-Vafa space but with
respect to different complex structures. See Figure 1 below.
Figure 1: The Ooguri-Vafa space and its unique simple holomorphic disc.
The unique simple holomorphic disc in the Ooguri-Vafa space is Fred-
holm regular in the S1-family. Thus, it is straightforward to show that
Ω˜(±γe) = 1. Moreover, we compute the multiple cover formula in [22],
Ω˜(γ, u) =
{
(−1)d−1
d2
, if γ = dγe, d ∈ Z
0 , otherwise.
Remark 4.7. Notice that the invariant computed above indeed satisfies Con-
jecture 4.6. Moreover, it suggests that
Ω(γ, u) =
{
1 if γ = ±γe,
0 otherwise,
which coincides with the BPS counting for the Ooguri-Vafa space [11].
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4.2 Open Gromov-Witten Invariants from Local
Before we trying to understand the open Gromov-Witten invariants on K3
surface, we first want to know the existence of holomorphic discs. It is
natural to ask if the simple holomorphic disc in Ooguri-Vafa space can ac-
tually ”live” near the I1-singular fibre of a K3 surface. Let Xϑ → B be a
K3 surface with special Lagrangian fibration. Assume p is a singularity of
complex affine structure corresponding to an I1-type singular fibre. Similar
to the proof of Proposition 5.1, there exists two affine rays (with respect to
the complex affine coordinate) starting from p such that Zγe has constant
phase. Using the estimate in [14] and deformation of special Lagrangians
with boundaries [1], we have the following result:
Theorem 4.8. [22] Let u be a point on the above affine ray starting at the
singular point p. Assume there is no other singular point of affine structure
on the affine segment between u and p. Then there exists 0 = 0(u) > 0 such
that there exists an immersed holomorphic disc in the relative class γe and
boundary on Lu in X
′
ϑ. Here X
′
ϑ is the K3 surface with special Lagrangian
fibration derived from hyperKa¨hler rotation but using any other different
hyperKa¨hler metric ω′ of elliptic fibred K3 surface X such that
∫
Lu
ω′ < 0.
Remark 4.9. When 0 goes to zero, the size of special Lagrangian torus
fibres also goes to zero. It is proved that the K3 surface collapses to the
base affine manifold [14]. This is exactly the picture of large complex struc-
ture limit from the point of view of Strominger-Yau-Zaslow conjecture [14]
[19][30].
The first example we can compute the new invariant Ω˜ is the following
one and also its multiple cover formula:
Theorem 4.10. [22] Let γe be the relative class of Lefschetz thimble around
an I1-type singular fibre, then given any d0 ∈ N, there exists a non-empty
neighborhood U of the singularity such that for each u ∈ U , we have
Ω˜(dγe;u) =
(−1)d−1
d2
, for every integer d, |d| ≤ d0.
Moreover, for u close enough to the singularity, ±γe are the only classes
achieve minimum energy with Ω˜(γ) 6= 0.
The proof is essentially solving a complex Monge-Ampere equation to
construct a family of hyperKa¨hler structures connecting the one on the
Ooguri-Vafa space and the one on a neighborhood of I1-type singular fi-
bre in K3 surface X. Then we can use the cobordism argument similar in
Theorem 3.7.
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Remark 4.11. The latter part of Theorem 4.10 implies the affine ray cor-
responding to γe from Proposition 5.1 indeed corresponds to the initial ray
in Gross-Seibert program [13]. Moreover, the generation function
Xγe =
∑
d∈N
dΩ˜(γe)x
dγe = log (1 + xγe)
exactly coincides with the wall-crossing factor (or the slab function) of the
initial ray corresponding to γe.
The invariants from other relative classes are generated by wall-crossing
formula inductively with respect to the energy which we will discuss a bit
in the following section.
4.3 Wall-Crossing Phenomenon
Below we will demonstrate a non-trivial example of wall-crossing phenomenon
of invariants Ω˜(γ;u) on elliptic K3 surfaces X.
Example 4.12. [22] Assume there are two initial rays emanating from two
I1-type singularities of phase ϑ0 intersect transversally at p ∈ B0. From
Theorem 4.8, there are two initial holomorphic discs of relative classes γ1, γ2
corresponding to the initial rays which are Fredholm. Then p sits on a wall
of marginal stability Wγ1,γ2. Moreover, the local model provided in the proof
of Theorem 4.8 indicates that they intersect transversally in Lp when the K3
surface is close enough to the large complex limit. From automatic transver-
sality of K3 surfaces, these two discs cannot be smoothed out inside Lp. To
prove that these two discs will smooth when changing the Lagrangian bound-
ary condition, first pick two point p1, p2 near p but on the different sides of
the wall of marginal stability Wγ1,γ2. Let ψ : (−, 1 + ) be a path on B0
such that ψ(0) = p1, ψ(1) = p2 and intersects Wγ1,γ2 once transversally at
p. Recall that X is the total space of twistor space of X with two fibres with
elliptic fibration deleted. Then Lu × S1ϑ is a totally real torus in X . Now
consider an complex manifold X× C with a totally real submanifold
L =
⋃
t
(Lψ(t) × S1ϑ).
By our assumption, there are two regular holomorphic discs in X with bound-
aries in Lp × {ϑ0} ⊆ L of relative classes again we denoted by γ1, γ2. The
tangent of evaluation maps for both discs are two dimensional and transver-
sal. By Taubes gluing construction [7], these two discs can be smoothed out
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into simple regular discs in L and the union of initial holomorhpic discs
is indeed the codimension one of the boundary of the usual moduli space of
holomorphic discs M0,γ1+γ2(X×C,L). By maximal principle twice, each of
the holomorphic disc falls in Mγ1+γ2(Xϑ0 , Lψ(t)) for some t. In particular,
M1,γ1(X, Lp)×L×S1ϑM1,γ2(X, Lp) ⊆Mγ1+γ2(X, {Lt})
as codimension one boundary. One can computes that the non-trivial wall-
crossing phenomenon indeed occurs:
∆Ω˜(γ1 + γ2) = ±〈γ1, γ2〉Ω˜(γ1, p)Ω˜(γ2, p) = ±〈γ1, γ2〉 6= 0.
In general, we expect the following wall-crossing formula for Ω˜(γ), which
is equivalent to Kontsevich-Soibelman wall-crossing formula [18].
Conjecture 4.13. Assume γ is a primitive charge. When u cross a wall
consisting of relative classes γi, i = 1, · · · , n, then one has the following
wall-crossing formula for Ω˜:
∆Ω˜(dγ) =
∑
w:
∑ |wi|γi=dγ
N trop(w)
|Aut(w)|
( ∏
1≤i≤n,1≤j≤li
Ω˜(wijγi)
)
, (10)
where w = (w1, · · · ,wn), wi = (wi1, · · · , wili) ∈ Zli≥0, and |wi| =
∑li
k=1wik.
The factor N trop(w) is a counting of tropical discs with integer value defined
in [10][22].
Remark 4.14. Notice that the wall-crossing phenomenon in Example 4.12
satisfies the Conjecture 4.13.
5 Tropical Geometry of K3 Surfaces and the Cor-
responding Theorem
In this section, we want to study the tropical geometry of K3 surfaces and
a corresponding theorem between holomorphic discs and tropical discs.
Tropical geometry raises naturally from the point of view of modified
Strominger-Yau-Zaslow conjecture [14][19][30]. Naively, the special Lagrangian
fibration in a Calabi-Yau manifold collapses to the base affine manifold when
the Calabi-Yau manifold goes to the large complex limit point. The projec-
tion of holomorphic curves are amoebas and degenerate to some 1-skeletons
at the limit, which are called ”tropical curves” in modern terminology. This
idea has been carried out for toric varieties by Mikhalkin [26] and Lagrangian
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bundles with no monodromy by Parker [28]. Here we are going to discuss
the case where special Lagrangian fibration comes from K3 surfaces, which
admits singular fibres and consider holomorphic discs instead of holomorphic
curves.
LetB be the base of a holomorphic Lagrangian fibration of a hyperKa¨hler
manifold X then we have an S1-family of integral affine structures on B0.
Indeed, for any ϑ ∈ S1 and lifting γi of the generators of Γg, the functions
fi = Re(e
−iϑZγi) give the local affine coordinates with transition functions
in Sp(2,Z)n R2. We will denote B together with this integral affine struc-
ture by Bϑ. In particular, neither the choice of Ka¨hler class [ω] of the
hyperKa¨hler manifold nor the real scaling of the holomorphic (2, 0)-form Ω
change the affine straight lines on the base affine manifold. One advantage
of introducing the affine structure is allowing us to discuss tropical geometry
on B [22].
Proposition 5.1. Locally the set of special Lagrangian torus fibres bounding
holomorphic discs of a same relative class in Xϑ all fall above an affine
hyperplane on the base affine manifold Bϑ.
Proof. Assume {Lt}t∈(−,) are a family of special Lagrangian torus fibres
bound holomorphic discs in relative class γt ∈ H2(X,Lt) in Xϑ. Then∫
γt
Ωϑ =
∫
γt
ω − iRe(e−iϑΩ) = 0.
In particular, Lt are confined by the equation
fγ := Re(e
−iϑZγ) = 0,
which all sit above an affine hyperplane.
Remark 5.2. From the proof of Proposition 5.1, the prescribed affine line
is special in the sense that the corresponding central charge Zγ has constant
phase along {fγ = 0}. We will call them special affine lines with respect to
phase ϑ.
Remark 5.3. In dimension two, the affine structure described in Propo-
sition 5.1 is usually called the complex affine structure of the special La-
grangian in the context of mirror symmetry.
One notice that using the integral affine structure, the following map
(Γg)u −→ T ∗uB
∂γ 7→ (v ∈ TuB 7→ ∫
∂γ
ιv˜Im(e
−iϑΩ)
)
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is injective. Here the notation is same in Proposition 3.1. In particular, the
above map induces an integral structure on T ∗uBϑ and thus on TuBϑ. The
following is a temporary definition of tropical discs proposed in [9].
Definition 5.4. A tropical disc on Bϑ is a 3-tuple (φ,G,w) where G is a
rooted connected tree with a root x. We denote the set of vertices and edges
by G[0] and G[1] respectively, with a weight function w : G[1] → N. And
φ : G→ B is a continuous map such that
1. For each e ∈ G[1], φ|e is an affine segment on Bϑ.
2. For the root x, φ(x) ∈ B0.
3. For each v ∈ G[0], v 6= x and val(v) = 1, we have φ(v) ∈ ∆. Moreover,
if φ(v) corresponds to an In-type singular fibre, then the image of edge
adjacent to v is in the monodromy invariant direction.
4. For each v ∈ G[0], val(v) ≥ 1, we have the following assumption:
(balancing condition) Each outgoing tangent at u along the image of
each edge adjacent to v is rational with respect to the above integral
structure on Tφ(v)B. Denote the outgoing primitive tangent vectors by
vi, then ∑
i
wivi = 0.
From now on, we will assume X is an elliptic K3 surface. Assume γu ∈
H2(X,Lu) can be represented as a holomorphic disc with boundary on Lu
such that Ω˜(γ;u) 6= 0. Without lose of generality, we may assume ∫γu Ω ∈
R+. There is an affine half line l emanating from y on the base such that∫
γt
Ω is a decreasing function of t ∈ l, where γt is the parallel transport of
γu along l. Since
∫
γt
Ω is an affine function along l, it has no lower bound.
There is some point u′ ∈ l such that ∫γu′ Ω = 0. Thus, there are two cases:
1. If Ω˜(γ;u) = Ω˜(γ;u′) then Lu′ is a singular fibre by the gradient es-
timate of harmonic maps. In particular, if Lu′ is an In-type singular
fibre then γu′ is represented by multiple cover of the unique area min-
imizing holomorphic disc and γu is the parallel of γu′ along l.
2. If Ω˜(γ;u) 6= Ω˜(γ;u′), then there exists γn,u′ in the same phase with
γu′ such that
∑
n γn,u′ = γu′ and Ω˜(γn;u
′) 6= 0. Then we replace γ by
each γi,u′ and repeat the same processes. The procedure will stop at
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finite time because of Gromov compactness theorem. By induction,
every holomorphic disc with nontrivial invariant give rise to a tropical
disc, which is formed by the union of the affine segments on the base.
Indeed, the assumption 3.(a) in Definition 5.4 is implied the fact that
each vertex of above graph falls on Wγ′ for some γ
′. The balancing
conditions are guaranteed by the conservation of charges
∑
n γn,u′ =
γu′ at each vertex u
′. Using the normal construction, one can associate
the tropical disc φ a relative class [φ]. It is not hard to show that
[φ] = γ.
To sum up, we proved the following theorem by this attractor flow mecha-
nism [4] of holomorphic discs (See also Figure 2).
Theorem 5.5. [22] Let X be an elliptic K3 surface (with singular fibres not
necessarily of I1-type). For every relative class γ ∈ H2(X,Lu), [∂γ] 6= 0 ∈
H1(Lu) and Ω˜(γ;u) 6= 0, there is a corresponding tropical disc φ. Assume
the singular fibres are all of I1-type then [φ] = γ and the symplectic area
of the holomorphic disc is just the total affine length of the corresponding
tropical disc.
Theorem 5.5 also helps to understand the topology of holomorphic discs
in elliptic K3 surfaces.
Corollary 5.6. All the holomorphic discs with non-trivial boundary class
and with non-trivial open Gromov-Witten invariant in X topologically are
coming from scattering” (gluing) of discs coming from singularities.
Conversely, we can ask if each tropical discs on K3 surface has a lifting
holomorphic disc. This involves more detail of analysis of geometry near
different kinds of singular fibres. The Conjecture 4.13 implies this converse
statement for the case that all singular fibres are of I1-type. The study of
Conjecture 4.13 will leave for future work.
6 Twistorial Construction of HyperKa¨hler Metric
The well-known Calabi conjecture solved by Yau guarantees that given a
compact Calabi-Yau manifold, there exists a unique Ricci-flat Ka¨hler met-
ric in each prescribed Ka¨hler class [31] in 1978. After the existence, an
important question to ask is how to write down the explicit expression of
the metric. The celebrated Strominger-Yau-Zaslow conjecture [30] suggested
that Calabi-Yau manifolds will admit a special Lagrangian fibration around
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Figure 2: Holomorphic discs with non-trivial invariant and its corresponding
tropical disc. The red curves are walls of marginal stability and blue little
circles are singularity of the affine structure
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large complex limits and the mirror will be given by the dual fibration. It is
a folklore that the Ricci-flat metrics near large complex limits are approx-
imated by semi-flat metrics with instanton correction related to the holo-
morphic discs with boundaries on special Lagrangian fibres [6]. The first
part is done for K3 surfaces: in [15] the semi-flat metric is wrote down for
the special Lagrangian fibration. Later, Gross and Wilson [14] proved that
for elliptic K3 surfaces around large complex limits, the Ricci-flat metrics
are approximated by the semi-flat metrics gluing with Ooguri-Vafa metrics.
However, the instanton corrections are not included.
Although the semi-flat metric approximates the true Ricci-flat metric
near the large complex limit point, the curvature of the semi-flat metric
blows up near the singular fibres and thus cannot be extended to the whole
K3 (or a general) hyperKa¨hler manifold X. To remedy this defect, one has
to introduce the ”quantum corrections”. From the result of [16], the ex-
plicit expression of hyperKa¨hler metric of a hyperKa¨hler manifold can be
achieved from holomorphic symplectic 2-forms with respect to all complex
structures parametrized by the twistor line. The idea is to glue pieces of
flat space with standard holomorphic symplectic 2-form via certain symplec-
tormorphisms, which are determined by the generalized Donaldson-Thomas
invariants. These invariants are locally some integer-valued functions de-
pending on the charge (thus depending on the base). There are so-called
walls of marginal stability separate the base of abelian fibration into cham-
bers locally. The invariants are constants inside the chamber while might
jump when across the wall. The jump of the invariants cannot be arbitrary
but governed by the Kontsevich-Soibelman wall-crossing formula [18], which
suggests the compatibility of the gluing flat pieces with a global holomorphic
symplectic 2-form. The Kontsevich-Soibelman wall-crossing formula is then
interpreted as the smoothness of the holomorphic symplectic 2-form. There-
fore, one can construct the holomorphic symplectic 2-forms Ωζ for ζ ∈ C∗
inside the twistor line P1. Using the reality condition (see the Theorem 4.5),
[11] argues that the Cauchy-Riemann equation can indeed extend over whole
twistor line P1.
In [12], Gaiotto-Moore-Neitzke found out the correct notion of gener-
alized Donaldson-Thomas invariants and carried out the above recipe for
Hitchin moduli spaces. It still remains open for the construction of hy-
perKa¨hler metric for general abelian fibred hyperKa¨hler manifolds, espe-
cially compact ones such as K3 surfaces. Follow the the recipe in [11], the
key step is to find the corresponding generalized Donaldson-Thomas invari-
ants satisfying various properties. Here, we introduce the reduced open
Gromov-Witten invariants which are conjectured to satisfy the Kontsevich-
19
Soibelman wall-crossing formula and serve this purpose.
Remark 6.1. However, there are still essential difficulties to carry out the
twistorial construction of hyperKa¨hler metric on compact hyperKa¨hler man-
ifolds. First of all, the metric is only constructed outside of singular torus
fibres and it is hard to check if the metric can be extended. Secondly, for
compact hyperKa¨hler manifolds, the generalized Donaldson-Thomas invari-
ants might has growth rate faster than exponential growth and make the
formal solution of relevant Riemann-Hilbert problem diverge.
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